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Abstract. In the presence of a magnetic field the Hamiltonian of the single or double polaron bound
to a helium-type donor impurity in semiconductor quantum wells (QWs) are given in the case of pos-
itively charged donor center and neutral donor center. The couplings of an electron and the impurity
with various phonon modes are considered. The binding energy of the single and double bound polaron in
AlxlGa1−xlAs/GaAs/AlxrGa1−xrAs QWs are calculated. The results show that for a thin well the cumula-
tive effects of the electron-phonon coupling and the impurity-phonon coupling can contribute appreciably
to the binding energy in the case of ionized donor. In the case of neutral donor the contribution of pola-
ronic effects are not very important, however the magnetic field significantly modifies the binding energy
of the double donor. The comparison between the binding energies in the case of the impurity placed at
the quantum well center and at the quantum well edge is also given.

PACS. 71.38.+i Polarons and electron-phonon interactions – 63.20.Kr Phonon-electron and phonon-
phonon interactions

1 Introduction

The ionized impurities play an important role in trans-
port mechanisms at low temperatures in semiconductor
physics. A detailed study of shallow impurities in QWs
will provide useful information about their energy levels
as well as the properties of the QWs themselves. Hence
it is necessary to study the behavior of a bound polaron
(an electron bound to an impurity center) in polar semi-
conductor QWs [1–3]. Although much of the attention is
focused on hydrogenic impurities, the study of the state
of a two-electron impurity center (double donor state) in
QWs is of considerable interest too [4,5]. The present work
deals with the polaronic effects on the binding energy
of a helium-type impurity in QWs in the presence of a
magnetic field in the case of the impurity placed at the
quantum well center and at the quantum well edge. The
non-parabolicity of the conduction band is taking into ac-
count in our calculations.

2 Theory

Consider a QWs composed of three different polar crys-
tals. Layers of the materials l, w, and r are located at
z < 0, 0 ≤ z ≤ L and z > L, respectively. Let z axis
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perpendicular to the interfaces which are located at z = 0
and L. For a double donor impurity, the total Hamiltonian
can be written as

H =
2∑
b=1

(He
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where He
(b) is the energy operator of a bare electron (b)

which is confined to the potential well V (z). V (z) = Vl,
for z < 0; V (z) = Vw = 0, for 0 ≤ z ≤ L; V (z) = Vr, for
z > L; and

Hc
(b) = − 2e2

4πεfε∞r′
· (3)

H ′(b) corresponds to the Coulomb term between elec-
tron (b) and the impurity center which is localized at
(0, 0, zd), εf is the permittivity of free space, ε∞ is the
high-frequency dielectric constant and

r′b =
√
ρ2
b + (zb − zd)2, (4)
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H ′(b) stands for the electron-phonon interaction as well as
the interaction of the point positive charge of the impu-
rity with the phonon field. The first series corresponds
to the confined and half-space longitudinal optical (LO)
phonons, the second to the interface phonons. The defini-
tion of Γνjk‖(z) is given as in reference [7]. It describes the
intensity of the interaction between an electron and the
confined phonons or the half-spaced LO phonons. Γik‖(z)
in equation (5) describes the intensity of the interaction
between an electron and the interface phonons in QW and
has been given in reference [6]. While Γ (+)(zd) describes
the intensity of the interaction between the impurity and
the phonon fields. It can be obtained from Γ by replacing
e in Γ with 2e. The coefficient in front of Γ (+) comes from
the double counting due to the sum of the series for (b).

Hee is the electron-electron interaction term,

Hee =
e2

4πεfε∞|r1 − r2|
· (6)

The free-phonon Hamiltonian is

Hph =
∑
νjk‖

~ωLνa+
νjk‖

aνjk‖ +
∑
ik‖

~ωik‖a
+
ik‖
aik‖ , (7)

which includes the confined bulk-like LO, the half-space
LO and the interface phonons; ~ωLν is the bulk LO
phonon energy in material ν(ν = l, w, r); ~ωik‖ is the in-
terface phonon energy, and m(z) is the electron effective
mass [8]. Considering the subband nonparabolicity, m(z)
is given by

m(z) =

ml(E) = ml[1− (Vl −E)/Egl], z < 0,
mw(E) = mw[1− (Vw −E)/Egw], 0 ≤ z < L,
mr(E) = mr[1− (Vr −E)/Erw], z > L

where Egν(ν = l, w, r) is the energy gap between the con-
duction and light-hole valence bands in the material ν,E
is the electron energy level which can be obtained by solv-
ing the following subband energy equation (17), mν is the
mass constant in the material ν. For simplicity, we as-
sumed that m‖ = m(z).

HB
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e

2m
B · L +

e2

2m
A2

(b) (8)

where the vector potential A is defined as A = B × r/2,
B and L are the magnetic induction intensity and the
angular momentum respectively.

By introducing the canonical transformations

aνjk‖ −→ aνjk‖ + Γ ∗νjk‖(zd)/(~ωLν), (where ν = w)
aik‖ −→ aik‖ + Γ ∗ik‖(zd)/(~ωik‖),

(9)

and then ignoring the consequent infinite constant terms,
which correspond to the infinite constant self-energy con-
tributions, the Hamiltonian (1) is reduced to
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before, and
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where K0 is the Bessel function of imaginary argument.
If the double donor center binds a single electron, then

it is positive charged; for this ionized donor the only mod-
ifications of Hamiltonians in the above equations are re-
moving Hee and all the summation sign

∑2
b=1 and all the

subscript b, and finally multiply the coefficients in front of
Γ (+) by 2 in equation (12).

We introduce the following variational trial wave func-
tion ψ in the case of ionized donor:

|ψ〉 = UΦ(ρ, z)|0〉, (13)

Φ(ρ, z) = Ne−µ
√
ρ2+z2

φ(z), (14)

where N is the normalization constant.

φ(z) =

 Aleklz, z < 0,
Aw sin(kwz) +Al cos(kwz), 0 ≤ z ≤ L,

e−krz , z > L,
(15)

with kν ≡ [2mν(E1)(Vν − E1)]1/2/~, (ν = l, r); and
kw ≡ [2mw(E1)E1]1/2/~, where E1 is the ground state
eigenvalue of the electron Hamiltonian He. Al and Aw are
defined as

Al = e−krb/[fwl sin(kwb) + cos(kwb)],
Aw = Alfwl.

(16)

The subband energy equation in our QW potential V (z)
is obtained to be

(fwrfwl − 1) sin(kwb) + (fwr + fwl) cos(kwb) = 0, (17)

where

fwr ≡
mw(E1)kr
kwmr(E1)

, fwl ≡
mw(E1)kl
kwml(E1)

· (18)
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In equation (13), |0〉 is the phonon vacuum state, and the
canonical transformation U is given by

U = U1U2,
U1 = exp{

∑
νjk‖

[γνjk‖(ρ, z)a+
νjk‖
− γ∗νjk‖(ρ, z)aνjk‖ ]},

U2 = exp{
∑
ik‖

[γik‖(ρ)a+
ik‖
− γ∗ik‖(ρ)aik‖ ]},

(19)

with

γνjk‖(ρ, z) = ανjk‖u(qjν , z)e−ik‖·ρ,
γik‖(ρ) = βik‖e

−ik‖·ρ.
(20)

In equation (19), there are three real variational param-
eters µ > 0, ανjk‖ and βik‖ which will subsequently be
determined by minimizing the energy of the system. Our
approximation is particularly appropriate for a well width
less than several effective Bohr radii (the effective Bohr
radius is about 9.87 nm for GaAs). It covers the whole
range of commonly used values of well width. Moreover,
only in this range, can the polaronic effects including all
phonon modes be important.

The binding energy in the case of ionized donor is ob-
tained from

EB(ionized) = Esub +EL − 〈ψ | Hion | ψ〉min, (21)

where Esub is the lowest energy solution of equation (17);
and

EL =
eB~
2m

is the ground-state Landau level, 〈Hion〉min is the mini-
mum of 〈Hion〉, the expectation value of the Hamiltonian
of ionized donor system.

In the case of neutral donor center, the trial wave func-
tion of the double bound polaron is

|Ψ〉 =

(
2∏
b=1

U(b)Φ(ρb, zb)

)
|0〉, (22)

where U(b) and Φ are similar to those in the case of the
single bound polaron.

The binding energy in the neutral donor case is ob-
tained to be

EB(neutral) = Esub +EL − (〈Ψ | Hneu | Ψ〉min

− 〈ψ | Hion | ψ〉min) , (23)

where the expectation value of the electron-electron inter-
action term is approximately evaluated as in reference [4].
We also treat the electron-electron interaction term as the
only correlation term between these two electrons, i.e. we
will disregard any other correlation of these two electrons
via phonon field in our further approximate numerical
evaluations.

3 Numerical results and discussion

As an example of the application of our theory we have
calculated the binding energy of a single bound polaron

Fig. 1. Binding energy as a function of the well width L
for Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As symmetric single QWs:
(a) for a single bound polaron in the case of ionized donor;
(b) for the double bound polaron in the case of neutral donor.
The solid line (for B = 0) and the long dashed line (for
B = 20) correspond to the total binding energy including the
interaction of the electron and impurity with phonons in the
case of the donor impurity localized at the center of the well
(zd = L/2). The dashed line (for B = 0) and the dot line (for
B = 20) is obtained by neglecting the presence of phonons.

and a double bound polaron for a helium-type impurity
in AlxlGa1−xlAs/GaAs/AlxrGa1−xrAs symmetric QWs.
The parameter Egν is given as Egν = 1424 + 1266xν +
260x2

ν meV (ν = l, w, r) and the other parameters are
the same as in reference [6]. The minimization of 〈H〉 is
carried out using the direct optimization techniques.

Figure 1 shows the binding energy EB as a function
of the well width L for Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As
symmetric QWs; Figure 1a is for the case of ionized donor
and Figure 1b is for the case of neutral donor. Figure 1
indicates that in the case of ionized donor when the well
width L < 15 nm, we should take into account the effect
of the phonon field in order to get the correct value of
the binding energy of the polaron. In the case of neutral
donor, the polaronic effect is not very important, how-
ever, the magnetic field significantly modifies the binding
energy of the double donor. Figure 1b shows that the mag-
netic field steepen the curves of binding energy for neutral
donor. When the magnetic field intensity and well width
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Fig. 2. Binding energy as a function of the magnetic field B
for Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As symmetric single QWs:
(a) for a single bound polaron in the case of ionized donor;
(b) for the double bound polaron in the case of neutral donor.
The solid line corresponds to total binding energy including
the interaction of the electron and impurity with phonons in
the case of the donor impurity localized at the center of the
well (zd = L/2, L = 10 nm). The dashed line is obtained by
neglecting the presence of phonons.

are enough large, the binding energy of double donor will
be very small. In this case the double donor easy loses one
of its electrons and becomes ionized donor.

We can observe from Figure 2 that the polaronic effect
for binding energy is also obvious in the case of ionized
donor. In the case of neutral donor, the binding energy
increases at first when the magnetic field B is increased,
after B reaches a certain value, the binding energy will
decrease when B is increased. When well width is 10 nm
the contribution of the polaronic effect is less than 10% of
the double donor binding energy for all the values of mag-
netic fields studied. It shows again that for large magnetic
field the binding energy of double donor can be very small
and the neutral donor is easy to ionized.

Another difference is the polaronic effect raise the
binding energy in the ionized donor case and lower the
binding energy in the neutral donor case.

In Table 1 the binding energy in two cases are listed
when the position of impurity center located at (0,0,0)
in Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As symmetric QW with

Table 1. Binding energy of single and double bound polaron
in a QW.

B Eb(single)/meV Eb(double)/meV
Tesla zd = 0 zd = 5 nm zd = 0 zd = 5 nm

0 22.2 26.4a 30.1 33.8a 16.3 13.2a 21.5 19.9a

50 31.5 40.8a 36.4 41.8a 20.9 18.1a 21.2 20.7a

aBinding energy without phonon field.

fixed well width b = 10 nm. We can find that the binding
energy when the impurity center is at the edge of the well
is smaller than that when the impurity center is at the
center of the well.

In summary, for a helium-type impurity in symmetric
or asymmetric QWs in the presence of a magnetic field,
the Hamiltonian of a single and double bound polarons is
proposed, in which the interactions of the electron and the
impurity with the phonon field are included. We have cal-
culated the binding energy of the single and double bound
polarons in QWs including all the polaronic contributions
due to (i) electron-confined bulk-like LO phonon coupling,
(ii) electron-half-space LO phonon coupling, (iii) electron-
interfacial phonon coupling, as well as the coupling be-
tween the positive charge of impurity ion and the above
various phonon modes. We have considered the impurity
ion which is located at an arbitrary position in the well. In
addition, the effects of the subband nonparabolicity and
the finiteness of barrier height are all taken into account
at the same time. In numerical calculation we find that
the interaction between the point positive charge of im-
purity and the phonons has a significant contribution to
the binding energy of the bound polarons in QWs. The
cumulative polaronic effect is also significant in the case
of ionized donor for thin well. When the magnetic field
intensity is enough large and well width beyond a cer-
tain value, the neutral donor is easy to become an ionized
donor by lose one of its electrons.

Analysis and numerical results presented here may be
of interest for further theoretical investigation and device
applications.
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